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^ ■ Abstract 
^ ■ 

I \ We discuss here the best disentanglement processes of states of two two-level systems which 

C3 ' belong to (i) the universal set, (ii) the set in which the states of one party lie on a single great 
^ ' circle of the Bloch sphere, and (iii) the set in which the states of one party commute with each 
O^. other, by teleporting the states of one party (on which the disentangling machine is acting) 
^ \ through three particular type of separable channels, each of which is a mixture of Bell states. 

In the general scenario, by teleporting one party's state of an arbitrary entangled state of two 



X 



' two-level parties through some mixture of Bell states, we have shown that this entangled state 
^ can be made separable by using a physically realizable map V , acting on one party's states, if 

V{I) = I, V{aj) = Xjaj, where Xj > (for j = 1, 2, 3), and Ai + A2 + A3 < 1. 



1 Introduction 

Entanglement plays one of the most fundamental roles in quantum theory. Particularly, 
in quantum information theory, it plays such roles which are highly counter-intuitive in 
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the classical world. In quantum theory, one is allowed to do only measurement, unitary 
operations on a system, and classical communications (e.g., by using phone calls) between 
two or more separated parties. And if two or more parties share some entanglement, the 
outcomes of the measurements on the state of the particle possessed by one party can not 
be specified independently of the parameters of the measurements on the states of the 
particles possessed by the other parties. A fundamental principle in quantum theory is 
that one can not create entanglement by using local operations (e.g., local measurements, 
local unitary operations) and classical communications (LOCC). So there remains the 
possibility of disentanglement of an entangled state into a separable state when one uses 
LOCC. And like other no-go theorems (e.g., no-cloning theorem no-deletion theorem 
0, no-broadcasting theorem 0]), it was recently shown that the no-disentanglement 
theorem ^] also holds in quantum information theory. Thus one can not disentangle 
an arbitrarily given state of two two-level systems into a separable state, keeping the 
local density matrices intact. This type of disentanglement is called exact, as one has to 
keep the local density matrices intact. So, just as in the case of optimal universal cloning 
P, ^, one may ask how far can we go by disentangling inexactly, i.e., how close can 
the output reduced density matrices be taken to the corresponding input reduced density 
matrices. Both symmetric and asymmetric optimal universal disentangling machines have 
been obtained, by using local operations ^ ||, |lOl- If ?7i and 772 are the reduction factors 
(reducing the Bloch vectors of the input reduced density matrices corresponding to the 
party 1 and party 2 by rji and 772 respectively), it has been shown that 771772 < 1/3- In the 
symmetric case, the result r] < has been obtained in ref. |^, by using approximate 

cloning machines on the two parties separately. What is the physical significance of this 
value in the case of optimal inexact disentanglement? Here one remembers the 

result that the 1-^2 optimal universal cloning machines can be achieved by using the 



principle of no-superluminal signalling 111], [T^, [T^ . In this paper, we provide a possible 
explanation of this value 1/3 (in the case of the most asymmetric disentanglement, viz., 
rji = l,ri2 = 1/3), by teleporting one party of an arbitrarily given state of two two-level 
systems through a Werner channel ||15 . 



Is there any set of (two-qubit) states, which can be disentangled exactly? Mor and 
Terno [|l^ provided a sufficent condition in this case : if the reduced density matrices of 
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one of the two parties of each of the bipartite states from the set, commute with each 
other, then this set can be exactly disentangled. Taking advantage of the fact that any 
known set of commuting (two-level) states can be teleported through a separable channel, 
we realize the above phenomenon of exact disentanglement by teleporting the state of one 



party through a separable channel |[T7[| . 

Between the whole Bloch sphere and any diameter of it (along which the Bloch vectors 
of any given set of commuting states lie), there are infinitely many subsets. But any 
great circle of the Bloch sphere is of particular interest : (i) any great circle is the largest 
set of Bloch vectors that can be exactly flipped [0, and this fact can be used for 
remote (exact) state preparation pO|, (ii) a product state of two parallel qubits and 
the corresponding product state of two antiparallel qubits contain equivalent information 



about the qubit, if the Bloch vectors of all these qubits lie on the same great circle |21 



(iii) the optimal universal 1 — 2 (isotropic) cloning machine of the equator (on which the 
states |0), (l/v^)(|0)±|l))lie) is the same as that of the set {|0), (1/V2)(|0)±|1))} 
p2| . We consider here the set of all entangled states, where all the Bloch vectors of the 
reduced density matrices of one side lie on the disc of a great circle. By applying a map 
(on the side whose density matrices lie on the said disc), which preserves the isotropy 
of the Bloch vectors on this "great disc" [Q, we obtained the optimal disentangling 
machine corresponding to this set. Again here, we provide a physical significance of the 
existence of this disentangling machine, by teleporting the states of that particular side of 
the entangled states from the above set, through a separable channel (a specific mixture 
of the Bell states). 

Here we also deal all of the above three cases of disentanglement (together with their 
generalization) in a common footing : by teleporting states of a system through any 
mixture of the four Bell states (used as the channel). And we discuss about the property 
of the isotropy preserving map, realizing this teleportation process. 

The paper is arranged as follows. In section 2, we first define the disentanglement 
process. Then we describe briefly the optimal universal disentanglement process and the 
corresponding isotropy preserving maps. In section 3, we describe the sufficient criterion 
for exact disentanglement - in a very simple manner. In section 4, we describe the 
optimal (isotropic) disentanglement process of a set of states, where the Bloch vector of 
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the reduced density matrix of one side of each of these states he on the same great disc. 
In section 5, we consider the teleportation process of one party's state, taken at random 
from a given set of two-qubit entangled states, through a channel, which is a mixture of 
the four Bell states. Using the separability of the channel, we find the property of the 
linear map and associate it with disentanglement of the set. And then, the particular 
types of disentanglement, described in the earlier sections, are shown as special cases of 
this disentanglement scenario. In section 6, we draw the conclusions. 

Before the starting of the next section, let us clarify some necessary ideas which will be 
required in this paper. Let us take V to be the set of all density matrices (l/2)(/ + r.a) 
(where r is a real three-dimensional vector with \r\ < 1, and (Tx-, Uy, are the standard 
three Pauli spin matrices) of a two-level system. Here the support of each of these density 
matrices is the two-dimensional Hilbert space (Z?. Let us take L to be the set of all linear 
operators having both domain and range as Q^. Thus V is a subset of L. We take T>\ to 
be any non-empty subset of T>. Also let : I'l — £ be any linear map. 
Definition 1 : We call the map V to be physical if (i) Vi = V, and (ii) the range V{Vi) 
of the map is a subset of V. 

Definition 2 : We call the map V to be realizable if there exists an ancilla system A 
described by the Hilbert space Ha, and an unitary operator U : ®7i_A 'Si'Ha such 
that TiApp (S) P[\M)]W] = V{p) for every p e Pi, where |M) is a fixed state in Ha- 
One should note that every physical map is a realizable map also. 

2 Optimal universal disentanglement process 

Consider a (non-empty) set S of some states of two two-level systems shared between A 
and B. If, by any process (allowed by quantum mechanics), every state p from the set 
S becomes a separable state p' (which is being possessed now by C and D, say, where 
{A, B) may or may not be equal to (C, D)), where the reduced density matrices of both 
the particles remain unchanged in this process (except the possible changes A ^ C and 
B ^ D m location), this process is then called exact disentanglement of the set S. 

A fundamental property of quantum mechanics is that exact disentanglement of the 
set Suniversai of all states of two two-level systems is impossible [|, ^. But how well can 
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we retain the local density matrices {i.e., reduced density matrices) of a bipartite state p, 
selected at random from the set Suniversai, by disentangling this state? More specifically, if, 
before disentanglement of the bipartite state p, pi = (l/2)(/ + n.o") (p2 = (l/2)(/ + m.cr)) 
is the reduced density matrix of the first (second) party, where n (m) is the Bloch vector 
corresponding to pi (P2) with |n| < 1 (|m| < 1), and if, after disentanglement of the state 
p into some bipartite separable state p', p[ = (l/2)(/ + ?7in.cr) (pg = (l/2)(/ + r72m.cr)) is 
the reduced density matrix of the first (second) party (where the identities of the particles 
may not be retained), where < ?7i < 1 (0 < 772 < 1) |0, what would be the maximum 
value of rji (772)? 

Applying cloning machine on one (say, on the first) party, it has been shown by Bandy- 
opadhyay et. al. ^ that rji < 1/3. And, applying cloning machines locally and sym- 
metrically {i.e., i]i = ri2 = 1]) on both the particles, it has also been shown in ^ that 
1] < 1/ ^/S. Using most general type of local operations, Ghosh et. al. ^ have shown that 



V1V2 < 1/3. Zhou and Guo []TOl have also obtained the latter result by using the isotropy 
preserving (linear) map V : p ^ p', p,p' being density matrices of a qubit, where V is 
defined as V{I) = I, V{aj) = rjaj (for j = 1, 2, 3). 
We denote here the Pauli spin matrices as 

1 

c^i = I \ , (^2= \ I , (^3 

1 

expressed in the orthonormal basis {|0), |1)}, where |0) and |1) are eigen-states of as 
corresponding to the eigen- values 1 and -1 respectively. 





3 Sufficient criterion for exact disentanglement 

Consider a set Scommutative of states of two two-level systems possessed by 1 and 2, where 
the reduced density matrices of the particle 1 (say) commute with each other. It has been 
shown by Mor and Terno |T6[ that this set Scommutative can be exactly disentangled. Here 



we provide a simple proof of this fact, given in Ref. ||17||. 



We can always take the set Scommutative as a subset of 

Sdiagonal 

{pi2{w):Tr2[pi2{w)] = wP[\0)i] + {l-w)P[\l)i],Q<w<l}, 



5 



where {|0)i, |l)i} is an orthonormal basis in the two-dimensional Hilbert space of the 
party 1. Let AUce possess the two parties 1 and 3, while Bob holds the party 4, where 
the two parties 3 and 4 are connected by the classically correlated state (1/2)(P[|00)34] + 
P[|ll)34]). We consider this separable state as a teleportation channel for teleporting the 
states of the party 1 from the set Scommutative- So the joint initial state of the three parties 
1, 3 and 4 is 

(wPim + (1 - ^)P[|l)l]) ® (1/2)(P[|00)34] + P[|ll>34]). 

Alice first performs the projective measurement {Pi, P2} on her two parties 1 and 3, where 
Pi = P[|00)i3] + P[|ll)i3] and P2 = P[|01)i3] + P[|10)i3]. If Pi clicks, Alice tells Bob (by 
a phone call) to do nothing, and so Bob's state then becomes w;P[|0)4] + (1 — ■u;)P[|l)4] 
- the state which Alice wants to teleport to Bob. On the other hand, if P2 clicks, Alice 
tells Bob (by a phone call) to apply a unitary operation on his system which transforms 
|0) to |1) and |1) to |0) {i.e., Bob has to operate the unitary operation on his system, 
after being ensured that P2 has been chcked in Alice's measurement). Again Bob's state 
becomes wP[|0)4] + (1 — w)P[|l)4] - the state which Alice wants to teleport to Bob. Thus 
exact teleportation of the party I's state (from the set Scommutative), from Alice to Bob, 
is complete. After this teleportation, each of the states from the set Scommutative (initially 
possessed by the parties 1 and 2) becomes exactly disentangled (now being possessed by 
the two parties 2 and 4) , as no entanglement can be created by the LOCC operation used 
in the above-mentioned teleportation. 

4 Optimal disentanglement on the equatorial plane 

We discuss in this section the optimal disentanglement of a state of two two-level systems 
shared between 1 and 2, taken at random from the set 

Sequator — {Pl2 : Tr2[pi2] e Vequator}, 

where 

Vequator = {wP[a\0), + + (1 - w)P[/3|0)i - I 

<w <1 and a,P e R with + ^ 1}, 
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z.e., the set of all states of the party 1, each of whose Bloch vectors lies on the equatorial 
plane. Here {|0)i, |l)i} is an orthonormal basis of the Hilbert space of the party 1. In 
this direction, we shall first try to find out whether there is any realizable map V which 
will isotropically shrink the Bloch vectors of the states of the set Vequator by a factor A 
(where — 1 < A < 1), and then we shall operate this map on the states of the party 1 to 
disentangle optimally the states of the set Sequator- 

It has been shown in the Appendix that a (linear) map V of the above-mentioned type 
does exist, and is given by 



V{I) 



I. 

A(Ti, 

;i + A)sin^ai + {(1 + A)cos0 - A}(T2 
-(1 - A2)V2sin 



Acr.s. 



(1) 



Next we apply this map on the states of the party 1 of the states pi2, taken at random 
from the set Sequaton in order to disentangle the states pi2, optimally {i.e., where A 
becomes maximum). It has been shown in the Appendix that in this case of optimal 
disentanglement of the states of the set Sequator, we must have 



sin6' = sine 



O,cos^ = ^, A = ^. 



It may be noted that under these optimahty condition, the map V of equation (|l|) becomes 
physical. 



5 Disentanglement and teleportation 

From our discussions in the earlier sections, we got the following results regarding disen- 
tanglement of entangled states of two two-level systems possessed by 1 and 2, by applying 
the disentangling machines on the states of the particle 2 (say) : 
(i) In the optimal universal disentanglement process, an arbitrary density matrix 

1 3 
pi2 = ^[I ® I + r.a ® I + I ® s.a + ^ tija.-, ® cTj], 
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of the two parties 1 and 2, is transformed to the separable density matrix 

1 

P'i2 — 'li^ ^ ''f ^-^ <S> I + XI <S> s.a + A ^ tijai (S> crj], 
where the hnear map V (on the states of party 2), reahzing this process, is given by 

V{I) = I, V{ai) = A(7i, V{a2) = Xa2, V{as) = Xas, (2) 

with A = 1/3. 

(ii) In the optimal disentanglement process of all states of two parties 1 and 2, where 
each of the reduced density matrices of the party 2 lies on the equatorial plane, an arbitrary 
density matrix of the two parties 1 and 2 

1 ^ 
Pi2 = -^[I ® I + r.a ® I + I ® s.a + ^ tj^crj ® cTj], 

with S2 = (pi2 being a representative of the corresponding class of states), is transformed 
to the separable density matrix 

^ 3 3 

^'12 = T [-^ 8) / + r.a (g) / + / (g) (AsiCTi + Assds) + A ^ ^ ti^ai ®aj + jji^ ti2(Ti ® CF2] , 

i=l ie{i,3} i=l 

where the linear map V (on the states of party 2), realizing this process, is given by 

V{I) = I, V{ai) = Aai, V{a2) = fia2, V{as) = Xa^, (3) 

where A = 1/2, /i = 0. We call this optimal disentangling machine as the "optimal 
equatorial disentangling machine." 

(iii) In the exact disentanglement process of all entangled states of two two-level systems 
possessed by 1 and 2, where the reduced density matrices of party 2 commute with each 
other, an arbitrary density matrix 

1 

Pi2^ -^I ®I + r.a <^ I + I <^ s.a + ^ tijai (g) aj], 

with si = S2 = (pi2 being a representative of the corresponding class of states), is 
transformed to the separable density matrix 

1 ^ 
P12 = j[I <S> I + f.a <S> I + XI <S) 53(^3 + X] ® {tiiuai + ti2pa2 + UsXa^)] , 

^ i=l 
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where the hnear map V (on the states of party 2), reahzing this process, is given by 

V{I) = I, V{a,) = ua,, V{a2) = /icia, ^(^3) = Aag, (4) 
where A = l,z/ = /i = 0. We call this disentangling machine as the "exact disentangling 



machine" 25 



In this section we shall show that each of the maps V in equations (0) - (^) (together 
with their generalization), can be realized by sending the states of party 2 through some 
separable channels, each of which is a specific type of Bell mixture. For this purpose, 
we take here the teleportation protocol of Bennett et al. ||2^ , which exactly teleports an 
arbitrary qubit through the channel \'ip~^) = (l/v^)(|01) + |10)), irrespective of whatever 
the channel may be. We designate this protocol by B^'^^K 

Consider now the teleportation of an arbitrary state of a party 1 through the channel 



p^f = WlP[|^+)23] + W2P[|^-)23] + WsP[\(l)-')23] + W4P[|0")23], (5) 

between the two parties 2 and 3 to party 3, using B^'^~^\ where < wi, W2, ws, < 1 and 
Et=iWi = 1, and where \^^)23 = (l/\/2)(|01)23± |10)23), 10^)23 = (l/y2)(|00)23± |11)23). 
Thus an arbitrary state q:|0)i + of party 1 will surface as the following state of party 
3 : 

wiP[a\0)3 + /5|1)3] + W2P[a\0)3 - /3|1)3] + W3P[a\l)3 + P\0)3\ + W4P[a\l)3 - /3|0)3]. 
So the linear map V (from the states of party 1 to the states of party 3) is given by 

V{I) = /, 
V{cri) = {wi -W2 + W3- W4)cri, 

V{cr2) = {Wi - W2 - W3 + W4)0"2, 

^(0-3) = (wi + W2-W3- Wi)a3. 

It can be easily seen that : 
(i) the optimal universal disentangling machine [i.e., the map V of equation (H), except a 
possible change in the parties) can be obtained by teleporting (using the protocol B^^~^^) 
the states of one party (say, party 2) through the separable Werner channel 



P2'^™ = ^^[|^"')23] + ^/2®/3, 



from 2 to 3 (as here u = fi = X = 1/3); 

(ii) the "optimal equatorial disentangling machine" {i.e., the map V of equation @, 
except a possible change in the parties) can be obtained by teleporting (using the protocol 

the states of one party (say, party 2) through the separable channel 

lPm23] + \p[\^-)23] + \p[\<P'-)23], 

from 2 to 3 (as here u = X = 1/2 and /i = 0); 

(iii) the "exact disentangling machine" {i.e., the map V of equation (^, except a 
possible change in the parties) can be obtained by teleporting (using the protocol B^^~^^) 
the states of one party (say, party 2) through the separable channel 

from 2 to 3 (as here u = fi = and A = 1). 

In general, we have established the following result : 
Teleportation (using the protocol i?l^^)) of the states of party 2 of any density matrix pi2 of 
two two-level systems 1 and 2 through the channel p;^^' = WiP[\iIj~^)ab] + U!2P[\ip~) ab] + 
W3P[\(f)+) ab] +W4P[|0")ab] (where < wi,W2,W3,W4^ < 1, and T,t=i'^i = 1)' froin ^ to 
B, gives rise to the physical linear map V (from the states of party 2 to those of party 
B), where 



V{I) 


= I, 


V{a^) 


= AifTi, 


V{a2) 


= A20-2, 


V{crs) 


= AsfTs, 



(6) 



with the following one-to-one correspondence : 

Xi = wi - W2 + ws - W4, X2 = wi - W2 - ws + W4, X3 = wi + W2 - ws - W4, (7) 

and 

= (1 + Ai + A2 + A3)/4, W2 = {l-Xi-X2 + A3)/4, 
^3 = (1 + Ai - A2 - A3)/4, W4 = (1 - Ai + A2 - A3)/4, (8) 

and where 

0< |Ai|, IA2I, IA3I <1. (9) 
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Does the converse of this result also hold good? In other words, if y is a physical map 
(from density matrices to density matrices, with a possible change in the parties) having 
the property that, V{I) = I,V{(7j) = Xjcrj, Xj G M with < |Aj| < l(j = 1,2,3), would 
it then be possible to get this map (in an one-to-one manner) by teleporting the density 
matrices of a party through the channel p;^^' (by a suitable choice of the ifj's), using the 
protocol We shall now show that this is indeed true. 

Lemma : If is a physical map (from the density matrices of a party A to the density 
matrices of a party B, where A and B may not be the same), having the property that 
V{I) = I,Viaj) = Xjaj, Xj G R with < \Xj\ < l(j = 1,2,3), the four quantities 
= (1 + Ai + A2 + A3)/4, W2 = {I-X1-X2 + A3)/4, = (1 + Ai - A2 - A3)/4, = 
(1 — A1 + A2 — A3)/4, will then satisfy the properties < 1^1,^2, W3, W4 < 1 and J2i=i Wi = 1. 
Proof : Case I : Consider A and B to be the same. 

The unitary operator U, acting on the joint Hilbert space Ha ® He of the parties 

A, B, and some ancilla C (the initial state of the joint system Hb^Hc is taken as |M) bc), 
realizing the map V, is given as follows : 

U{\0)a®\M)bc) = ao\0)A®\Mo)BC + bo\l)A(»\Mi)Bc, ] , , 

\ (10) 

\J(\\)a®\M)bc) = 6o|0)a® |Mo)Bc + ao|l)A® |Mi)bc, ^ 

where {|0)a, \1)a} is an orthonormal basis in Ha, CLo,bo are non-negative numbers (with 
al + bl = 1), |M), |Mo), |Mi), |Mo), l^i) are normalized states in Hb ® He, and 

A3 = 2a2 - 1 = 1 - 2bl Ai = al^{{Mo\M,)} + &^3?{(Mo|Mi)}, 

A2 = al^{{Mom)} - bl^{{Mo\M,)}, (11) 

(Mi|Mo) = (MilMi) = (Mi|Mo) = (Mo|Mo) = 0, (12) 

$5{(Mo|Mi)} = 53{(Mo|Mi)} = 0. (13) 
Using the (given) definitions of Wi's {i = 1, 2, 3, 4), we see that 

wi = OqCos^^, W2 = aosin^6', W3 = blcos^cj), = blsin^cp, (14) 

where we have taken 3fJ{(Mo|Mi)} = cos2^ and ^{{Mo\Mi)} = cos20. And using equation 
dl^), the fact that < ao,&o < 1, and the fact that 9,(j) & M, one can easily see that 
< Wi, W2, W3, W4 < 1 and J2i=i ua = 1- 

11 



Case II : Consider A and B to be different. 

The proof is same as that in Case I, except for an interchange between A, B on the right 
hand sides of equation (|T0|). □ 

The channel p^f = WiPU^) ab\+ w^PWi^-) ab\+ w^P[\(t)+) ab]+ w^PU-) ab] will be 



separable iff < ifj < 1/2, for i = 1,2,3,4 Thus if S is any set of entangled states 
pi2 of two two-level systems 1 and 2, each state pi2 of S will become a separable (or, 
unentangled) state p'^^ when we teleport the state of the party 2 through this channel, 
from A to 5, whatever be the protocol we use. But in the following theorem (the main 
result of this section), we shall use the above-mentioned Lemma, and hence the protocol 

Theorem : Consider the set Suniversai of all entangled states pi2 of two two-level systems 
1 and 2. If is a physical map, having the property that V{I) = I,V{aj) = XjO'j,0 < 
\j < 1 (for j = 1, 2, 3), this map will then unentangle each member of Suniversai, by acting 
on the states of the party 2, if and only if Z]j=i < 1- 

Proof : Sufficient part : Using Lemma 1, we can uniquely find the coefficients Wi {i = 
1,2,3,4) of the channel p^l" = ^/;iP[|V^+)ab] +w;2P[|V^-)ab] +^3P[|0+)ab] +w^4P[|0-)ab]. 
As each of the A's is non-negative, therefore, Wi is the highest coefficient. And from the 
condition that Z]j=i < 1, we see that max{wi,W2,W3,W4} = wi < 1/2. Hence the 
channel Pab^ must be separable. So, the unentanglement in question, can be achieved by 
teleporting (using the protocol B^^'^'^) the states of party 2 through a seperable channel 
p^f = WiP[\^+)ab] + W2P[\^Ij-)ab] + wsP[\(I)+)ab] + w^P[\(I)~)ab], from A to B. 

Necessary part : We shall show here that if Z]j=i > 1, there exist (s) some state(s) 
which can not be unentangled by the given map V. 

Consider the state pi2 = P[(l/v^)(|0)i (g) |0)2 + |l)i ® |1)2)] of two parties 1 and 2. 
Applying the above map V on the states of the party 2, one gets the following density 
matrix 

I + A3 A1 + A2 

1 - A3 Ai - A2 

P'l2 = 7 

4 A1-A2 I-A3 
A1 + A2 I + A3 



Using Peres-Horodecki theorem ||28|, one can easily see that the density matrix p[2 will 



be entangled if Aj > 1 and < Ai,A2,A3 < 1. Thus we see that if the map V 
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unentangles each member of S (by acting on the states of the party 2), we must have 

E|=iA,<l. □ 

Here it is to be noted that, the notion of 'unentanglement' is a generahzation of the 
notion of 'disentanglement', because a physical map V, defined as V{I) — /, V{aj) — XjUj 
[j — 1, 2, 3), which unentangles each state pi2 of two two-level systems 1 and 2, after acting 
on one party (say, party 2) of the state, disentangles the three sets Sj = {pulTrilpu] = 
(l/2)[/ + SjCTj], where|sj| < 1} (j = 1,2,3), separately. So this unentanglement will be (i) 
a 'universal disentanglement' iff Ai = A2 = A3, (ii) an 'equatorial disentanglement' iff two 
and only two of the Aj's are equal, (iii) a 'exact disentanglement' iff two of the Aj's are 
equal to and the third is equal to 1. 

6 Conclusion 

We obtained in this paper the best disentangling machine of the set of all states of two two- 
level systems, where the states of one party lie on a single great disc, the corresponding 
map being V{I) = I,V{ai) = (1/2) (en), '(/(cTa) - 0,^(0-3) - (l/2)(a3)). One may now 
ask that if the reduced density matrices of both the parties lie on two great discs, and 
if we operate two disentangling machines separately on the states of these two parties, 
can we obtain a better disentanglement (e.g., using the map V{I) — /, V{ai) — (1/2 + 
e)((7i), V{a2) — 0, ^(0-3) = (1/2 + 5){a3), on the states of both parties, e and S being any 
two positive numbers)? The answer is no, because whenever we take the shrinking factor 
A to be greater than 1/2, the corresponding map becomes unphysical in this case. So the 
best disentangling machine in this case, can be obtained by using the machine on one 
party only. 

The fact that a hnear map V, defined as V{I) — /, V{aj) — XjkO'k {^jk £ -K, and 
j,k — 1,2,3), can not decrease entanglement of any state pi2 if J2k=i ^"jk = 1 ^ 
(the case when J2k=i'^'jk > 1 is discarded as then the map V becomes unphysical), for 
disentanglement of pu (using the machine on one side only), we must have J2k=i < 1 
for some or all j = 1, 2, 3. And this we have observed in the cases of optimal universal 
disentanglement, optimal equatorial disentanglement, or exact disentanglement (related 
to a commuting set). We obtained these optimal machines by teleporting the states 



13 



of one side through some separable channels. And this has been shown in two steps 
: firstly we have established an one-to-one correspondence between the physical map 
V{I) — I, V{aj) — Xj{aj), {j = 1, 2, 3), and teleportation of qubits through a mixture of 
Bell states, and secondly we have shown that, each of the processes in which pi2 becomes 
separable (by using the map on one side, where < Ai, A2, A3 < 1), can be achieved by 
this one-to-one correspondence if and only if Z)j=i Aj < 1. 
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Appendix 

We discuss here, in details, the optimal disentanglement of a state of two two-level 
systems shared between 1 and 2, taken at random from the set 

Sequator = {Pl2 ■ Tr2[pi2] G 'P equator} , 

where 

Vequator = {wP[a\0)i + + (1 - w)P[P\0)i - a\l)i] : 

<w <1 and a,(3 e R with + (3"^ = 1}, 

i.e., the set of all states of the party 1, each of whose Bloch vectors lies on the equatorial 
plane. Here {|0)i, |l)i} is an orthonormal basis of the Hilbert space of the party 1. 

We first find out a realizable map V which will isotropically shrink the Bloch vectors of 
the states of the set Vequator by a factor A (where — 1 < A < 1), and then we operate this 
map on the states of the party 1 to disentangle optimally the states of the set Sequator- 

Consider any equatorial (pure) state 

|V^) = a|0) + /3|l), 

so that a, P & M with + P'^ — 1. And let U he a unitary operator (acting on the joint 
Hilbert space of the equatorial states and states of some ancilla) realizing the map V. As 
we want to maintain the isotropics of the basis vectors |0), t/ must behave as follows : 

U\OM) = mo|OMo) +m'o|lMo), 

U\1M) = milOAfi) + m;|lMi), 
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(^1) 



where \M) is the input ancilla state and |Mo), |Mo, |Mi), |Mi) are the output ancilla states 
with (Mo|Mo) = = (Mi|Mi) and mo,mi,m'o,m'i > 0. Unitarity of the operation imply 

ml + m'l = ml + m'l = l {A2) 

and 

momi(Mo|Mi) + m'om'i{M^\M^) = 0. (A3) 
Therefore, according to our demand (of maintaing isotropies of the equatorial states), 

V{P[\iP)]) = V{^[I + 2a(3a^ + {a^ - = TrM[P[U{\iljM))]] = 

^[/ + 2a/35J{mom'i(Mi|Mo) + mim'o(Mo|Mi)}cri 

-2al3^{ mom'i(M^lMo) +mim'o(Mo|Mi)}(72 

+ {a^{ml - m'l) + /^^(m^ - m'^) + 2a/33fJ{momi(Mo|Mi) - m'om'i(M)|M^)})fT3] 

= ^[/ + 2A«/?ai + A(«'-/?2)a3], (A4) 

where X E M, with |A| < 1. A is called the shrinking factor. 

Here equation (A4) has to be satisfied for all a,P E M, where the map V is assumed 
to be linear. So we must haveQ 

^{mom[{M^\Mo) + mim'o(M^\Mi)} = A, 
^{mom[(M^\Mo) + mim'^(M^\Mi)} = 0, 
3ft{momi(Mo|Mi) - m^m'i(Mo|Mr)} = 0, 

2/2 \ 

mo — mQ = A, 

2/2 \ 

mi — mj^ = —A. 

Using equations (A2) - (A5), we get 

mo = m[ = (i±^)i/2, 



(A5) 



(AQ) 

As not each pair of states on the equatorial plane Vequator commute, therefore the states 



mi = m'o = C-^y/'. 



of the set Sequator cau not be exactly disentangled by this map V fT^- So |A| < 1. Thus 



^Here 3?{z} and ^{z} denote the real and imaginary parts of z respectively. 
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we see from equation (A6) that mo, mg, mi, m'^ > 0. Using this fact and equations (A3) 
- (A6), we have 



3^^{(Mo|Ml)} = 0, 

3fJ{(Mo|Mi)} = 0, 

^J{(Mo|Mi)}-53{(7l^|Mi)} = 0, 

(l + A)3{(Mi|Mo)} + (l-A)$5{(I^|Mi)} = 0, 

(l + A)5R{(Mr|Mo)} + (l-A)5R{(I^|Mi)} = 2A. 

Thus the hnear map V works (on all density matrices) as follow^ : 
V{a,) = Aai, 

V((T2) = (l + A)55{(Mi|Mo)K + {(l + A)3fJ{(Mr|Mo)}-A}a2 

-(l-A2)i/253{(Mo|Mi)}a3 
V{as) = AcTg. 



(AS) 



The map V (in equation (A8)) has to satisfy the following conditions in order that it 
will be a physical map, i.e., it will map every density matrix p = (1/2) [/ + f.a] (where 
|r|^ = + r| + Tg < 1) to a density matrix p' : 

AVf + 2A{(1 + A)9{(Mi|Mo)}ri - (1 - \Y'^{{Mo\M,)}r,}r,+ 

[(1 + Xy\(M;\Mo)\' + (1 - A2)(53{(Mo|Mi)})2 - 2A(1 + XM(m\Mo)}]rl < 1. {A9) 
Our next task is to disentangle the states taken at random from the set 



equator 



{pi2 : Tr2[pi2] = wP[a\0)i + + (1 - w)P 



tt|l)] 



where <w <l and a,P e R with + = 1}, 



^Thc mapping of V on CT2 = P[(l/\/2)(|0) + - F[(l/\/2)(|0) - is obtained by considering 
the actions of the unitary operator U of equation (Al) on the states (1/V2)(|0) ± \M), and then 
taking traces over the machine states. 
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(AlO) 



by applying the linear map[| T, defined as 

T(/) = /, 
T(o-i) = \ai, 
f{a2) = I0-2 + mai + na^, 
T((T3) = AfTa 

(where X,l,m,n are real numbers, with |A| < 1), on the states of the party 1. Obviously, 
the map T (of equation (AlO)) is a generalization of the map V (of equation (A8)). Now 
any pure state \ip)i2 of the set Sequator can be taken in the following Schmidt form : 

1^)12 = a|0')i ® 10% + ® |1')2, {All) 

where {|0')j, \ l')j} is an orthonormal basis in the two dimensional Hilbert space of the 
party j {j = 1,2), a,b are non-negative numbers with + 6^ = 1, and |0')i = a;|0)i + 
= /9|0)i — where a, (3 are real numbers with + = 1 {i.e., they 

are equatorial states). As the action of the map T does not depend on the choice of the 
factors a, (3, and as no operation has to be done on the states of the party 2, therefore, 
without loss of generality, we can take \ip)i2 as : 

I^)i2 = a|0)i® 10)2 + 11)2. {A12) 

Now, in the ordered orthonormal basis {|0)i |0)2, |0)i |1)2, |l)i ® |0)2, |1) ® 11)2}, 
(T ® /)(P [1^)12]) (= p') is given by : 

P' = 

2inab 2ab{X + / + im) 

(1 - A)262 2ab{\ - I - im) 
2ab{X-l + im) {I - X)2a^ -2inab 
2tnab {I + X)2b'^ 

Here p' is a self-adjoint operator of trace 1, for every choice of a, b. In order that the map 
T will be a physical map, the mapping of T ® I over each state \ip)i2 should produce a 
density operator (of two two-level systems) - the conditions for which are 

l-A2-n2 > 0, 



X 



(1 + \)2a^ 
—2inab 


2a6(A + / — im) 



(A13) 



{l-f 



m 



n 



\{l+f + m^ -2l-n'^)-2\^{l-l) > 0, 



■l-f 



m 



-n")^ -A\\l-lf 



> 0. 



{AU) 



''So there are of course some definite relations among X,l,m, n. 
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And the conditions for disentanglement of |V')i2 are given by (using the Peres-Horodecki 
theorem [ESU), 



l-A2-n2 > 0, 

;i-/2-m2-n2)-A(l + /2 + m2 + 2/-n2)-2A2(l+/) > 0, 
(l-/2-m2-n2)2-4A2(l + /)2 > 0. 



(A15) 



We want to maximize A subject to the constraints given in equations (A14) and (A15). 
It can be shown that Xmax = 1/2, and then I = m = n = 0. Thus the optimal disentan- 
glement of the equatorial states can be achieved by the linear map TopUmaU defined by 

Toptimal{I) = I.ToptimaMl) = (l/2)o"l , ^optimai (^^s) = (l/2)o"3, ^optimaZ (o"2) = 0, by actiug 

on the states of one of the parties. Obviously, TopUmai is a physical map, as it maps every 
density matrix of a two-level system to another density matrix of the system ||29|| . 

Thus the map V of equation (A8) (satisfying the condition (A9) ) will optimally dis- 
entangle states of Seguator iff Q{(M^\Mo)} = Q{{Mo\Mi)} = 0,^{(M^\Mo)} = A/(A + 1) 
and A = 1/2 (together with the other conditions). 
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